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Abstract 

Space-time can be understood as some kind of space-time foam of fluctuating bubbles or loops 
0^ ■ which are expected to be an outcome of a theory of quantum gravity. One recently discussed model for 

' this kind of space-time fluctuations is the holographic principle which allows to deduce the structure 

^— «' I of these fluctuations. We review and discuss two scenarios which rely on the holographic principle 

leading to holographic noise. One scenario leads to fluctuations of the space-time metric affecting the 
^ ' dynamics of quantum systems: (i) an apparent violation of the equivalence principle, (ii) a modiflcation 

O ■ of the spreading of wave packets, and (iii) a loss of quantum coherence. All these effects can be tested 

■ with cold atoms. These tests would supplement measurements of a so called "mystery noise" at the 

gravitational wave detector GEO600 which was recently speculated to have its origin in holographic 
noise. 



o 

O^! 1 Introduction 

bJT)! The unification of quantum mechanics and General Relativity is one of the most outstanding problems of 

contemporary physics. Though yet there is no theory of quantum gravity. There are a lot of reasons why 
gravity must be quantized [T]. For example, (i) because of the fact that all matter fields are quantized the 
^ ' interactions, generated by theses fields, must also be quantized, (ii) In quantum mechanics and General 

r — I Relativity the notion of time is completely different, (iii) Generally, in General Relativity singularities 

0^ ■ appear necessarily where physical laws are not valid any more. Such singularities probably can be avoided 

by a theory of Quantum Gravity. 

Approaches like string theory or loop quantum gravity make some general prediction which may serve 
I as guidance for experimental search. The difficulty is that in many cases the precise strength of the various 

expected effects are not known. One class of expected effects of a quantized theory of gravity is related to 
I a nontrivial quantum gravity vacuum (depicted by Wheeler as "space-time foam") which can be regarded 

as a fluctuating space-time. 

Space-time fluctuations could lead to a minimal observable distance setting an absolute bound on the 
■ accuracy of the measurement of distances and defining a fundamental length scale [3] . For instance, 

I corresponding additional noise sources in gravitational wave interferometers has been considered [1] , which 

has also been analyzed in the context of an experiment with optical cavities [S] . A space-time foam may 
also violate the principle of equivalence as was suggested by Ellis and coworkers [B] . Another prediction 
of quantum gravity models are so called deformed dispersion relations [7]- [ID]. In the work of Hu and 
Verdauger [TT] classical stochastic fluctuations of the space-time geometry were analyzed stemming from 
quantum fluctuations of matter fields in the context of a semiclassical theory of gravity. This leads to 
a stochastic behavior of the metric tensor. Furthermore, the effects of fluctuations of the space-time 
geometry which lead to, e.g., lightcone fluctuations, redshift, and angular blurring were discussed in |12j . 
Space-time fluctuations can also lead to the decoherence of matter waves which was discussed in [13] , [M] , 
[T5] and [TB] . The analysis in [T7j takes into account nonconformal fluctuations of the metric and yields 
a modified inertial mass which is subject to the stochastic properties while - generalizing this work - in 
[T8j the implications on a modified mass and an apparent violation of the weak equivalence principle were 
analyzed. 

In this paper we will lay special emphasis on the implications of a holographic noise. Recently, C. 
Hogan presented a special model of holographic noise and claimed that this could explain the so-called 
"GEO600 mystery noise" . In the next sections we will discuss how the holographic principle can lead to 
space-time fluctuations and, thus, whether the observed mystery noise in GEO600 could have its origin 
in quantum gravity. 
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The paper is organized as follows: We start with an overview of the holographic principle and present 
two scenarios leading to holographic noise. The first scenario leading to metrical fluctuations has been 
extensively discussed by Ng and coworkers [in],[in]) and the second is devoted to the work of Hogan 
PT] , where the holographic noise manifests as transversal fluctuations of the position of the beam splitter 
in GEO600 (transversal with respect to the direction of the laser beam). Hereafter, we will discuss how 
fluctuations of the metric modify the dynamics of quantum systems. We will show that this leads to several 
modifications: (i) the inertial mass of quantum particles is modified accompanied by an apparent violation 
of the weak equivalence principle, (ii) The spreading of wave packets is affected by space-time fluctuations 
and (iii) quantum particles are subject to decoherence. The discussion concerning the type of metrical 
fluctuations (noise scenario) is as general as possible and we will also show how holographic noise affects 
all aforementioned modifications of quantum dynamics. In all cases we discuss related interferometry 
experiments with cold atoms. 



2 Models of holographic noise 

In the following we shortly review how the notion of "holographic" noise appears in the physics of space- 
time in an operational sense and introduce two different models. The first describes metric fluctuations 
and the second acts effectively like a shear of the metric. 



2.1 Bounds on length measurements 

We start with the question how precisely we can measure a distance I when quantum mechanics is taken 
into account. This problem was introduced by Salecker and Wigner who carried through a gedanken- 
experiment and showed that length measurements are bounded by the mass of the measuring device. The 
measuring device is composed of a clock, a photon detector, and a source (e.g. laser), which altogether 
possesses a mass m and a typical size a. A mirror is placed at a distance / where the light coming from 
the source is reflected. Then it turns out that by virtue of the quantum mechanical uncertainty relation 
the uncertainty of the detector velocity Av is related to the position uncertainty Axi of the detector 
according to 

^^ = 7r^- (1) 

After the light round trip time T ~ 21 jc the detector moved by T Av which yields for the total position 
uncertainty of the detector, by adding up linearly, 

Axtoi = Axi + TAv = Axi + — — — . (2) 

Zm/\xi 

Minimizing this expression w.r.t. Axi yields the minimum position uncertainty of the detector given by 

Slqm = (Aa;tot)min = 2W — , (3) 
V mc 

which is the result of the famous Salecker and Wigner Gedankenexperiment [22j . This is also the so- 
called standard quantum limit which is important for the precision of measurements in gravitational wave 
detectors. Therefore, in principle, the error in the position measurement can be reduced arbitrarily by 
increasing the mass m. However, this is limited by the requirement that the detector should not turn 
into a black hole. This condition calls for the inclusion of gravity in the analysis of the measurement 
uncertainty 

From the requirement that the detector must not be a black hole we set I > a > rg, where rg denotes 
the Schwarzschild radius, and one can suspect a first estimate for the total measurement uncertainty. By 
inserting I ^ rg we get 

-^^qm > ^P, (4) 

clearly indicating that the uncertainty is limited by the Planck length = ^jGUjl? (k, lO^'^^m). 

However, in the following we will see that the uncertainty is larger than in the original Salecker 
Wigner case when curvature effects are taken into account. We consider a spherically symmetric detector 
surrounded by a Schwarzschild metric, then the optical path from the light traveling from the detector 
(starting at the position a > rg) to a point / > a is the well known result 

cAt^ f ^^^{l-a)+rAog^, (5) 
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which can be approximated for I > a ^ rs leading to the gravitational contribution of the error of the 
length measurement 

5lg = rs log — « rs log - . (6) 

a — rs a 

If we measure a distance I > 2a then Slg > and the total error reads 

Skot=Slq^ + 6lg^2J— + ^. (7) 
V rnc & 

By minimizing the total error w.r.t. the mass m of the detector this yields the minimal uncertainty 

('^?tot)„nn = 3(/2;)l/3 . (8) 

In contrast to the first naive estimate ([?]) where the measurement uncertainty was bound linearly by the 
Planck length, we see that the total error is now larger due to the cubic root. Because the Planck length 
is so short the uncertainty in the distance is still very small. For example, considering the whole universe 
(I K, 10^° light years) leads to a tiny effect of ((5ltot)iniii ~ 10^^^ m. 



2.2 Connection to the holographic principle 

The holographic principle was first proposed by Gerard 't Hooft [53^ and was later given a string-theory 
interpretation by Leonard Susskind |24| . A good overview is given in |25| . The holographic principle 
states that the number of degrees of freedom of a volume in space-time is related by the area enclosing 
the volume in Planck units. Alternatively we can state that although the world appears to have three 
spatial dimensions, its contents in terms of its degree of freedom can be encoded on a two-dimensional 
surface, like a hologram. This result comes from black hole physics and the derivation can be sketched as 
follows. 

Consider a system with entropy 5*0 inside a spherical region F bounded by a surface with area A, where 
its mass must be less than that for a black hole. Imagine a spherically symmetric shell of matter collapsing 
onto the system with the right amount of energy so that it forms together with the system a black hole 
filling the region F. The entropy is now given by = AkB / (4,1^), where kB is the Boltzmann constant, 
and obeys the second law of thermodynamics dS > 0. Therefore Sq ^ S and hence ^ Aks/i'^l'^) ■ This 
leads to the conclusion that the maximum entropy of a region of space is bounded by its surface area in 
Planck units. 

After these preparatory remarks we are now in the position to derive the measurement uncertainty 51 
in an alternative way by means of the holographic principle, as was done by Ng and coworkers [191 120] . 
Suppose we have a spatial cubic region with volume V = which is partitioned into small cubes. The 
smallest possible cube can be as small as 51^ given by the measurement accuracy 51. We assume that one 
degree of freedom (which we will identify with information) is encoded in one such cube. The question is 
how many degrees of freedom N can be put into the cubic region. According to the holographic principle 
the maximum amount of information is bounded by the surface area P of the cube in units of Planck-area 
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and we get for the uncertainty 51 

51 > (10) 

which is the same result like that obtained by the Gedankenexperiment combining Salecker-Wigner ex- 
periment and Gravity ([5]). The consistency of both results ([5]) and pI7|) for the uncertainties in length 
measurements gives us a hint that a microscopic description of space-time may lead to modifications of 
geometry. In such a quantum description of geometry it is expected that space-time has a foamy structure 
leading to space-time fluctuations. Since we included gravity in the extended Salecker-Wigner Gedanken- 
experiment we can suppose that the holographic noise is a possible low-energy remnant of a quantum 
description of space-time. In this limit the fluctuations can be modeled by fluctuations of the metric so 
that the fluctuations of a length measurement 51 translate to metrical fluctuations according to 

> [Ip/lf'^'a^,,, (11) 

where a^^ is a tensor of order 0(1). 
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2.3 Holographic model by Hogan 

In the work of Hogan a hypothesis is apphed about macroscopic position states by considering the results of 
length measurements being given as position eigenstates of a wavefunction of spacetime 21j. So spacetime 
itself is regarded as a frequency- limited wavefunction (limited by the Planck- frequency) , or to be more 
precise, it is the wavefunction of the position of massive bodies within the spacetime, relative to a classical 
trajectory (which could be a flat metric). In terms of frames one defines an observer frame including a 
choice of direction by writing a spacetime wavefunction relative to a Planck-frequency plane carrier wave. 
In effect this leads to an indeterminacy of relative transverse positions in spacetime. Two measurements 
of positions of two test masses in a xy-plane (which should have at least masses at the order of the Planck 
mass) at two different times do not commute. Therefore the relative transverse positions xi and X2 are 
conjugated operators 

[xiiti),X2{t2)]^-ilpLi2, (12) 

where L12 is the distance between xi and X2 and Ip is the Planck length. Thus the width of the position 
wave function describing their relative position increases with the separation like Aa;iAa;2 — lpLi2. 

This uncertainty in relative position has impacts on gravity wave interferometers. Here this indeter- 
minacy manifests as a maximum number of position eigenstates one can count in the frame of reference 
of the Michelson interferometer (like that at GEO600). If we assume that in any laboratory frame there 
is a maximum frequency c/A and a holographic information bound, so that on any light sheet (identified 
as the aforementioned Planck carrier wave) there is a minimum wavelength A in the transverse direction 
of the propagation direction of the light sheet, one gets the maximum number of position eigenstates that 
a interferometer can measure. 

Considering a 2-|-l-dimensional analogue of the situation we denote the coordinate axes by x, y and t. 
There are two reference frames; first the light sheet frame which has wavefronts along x and thus normal 
to y. The second frame is given by the x — y plane spanned by both interferometer arms and Ly. 
Position measurements are carried out in the x — y plane and the number of positions encoded in this 
plane is limited by the holographic principle. Therefore, the maximum number of position eigenstates in 
the X — y plane is given by the number of position eigenstates encoded on the light sheet frame (in this 
example it is the a;-dimension) in units of the Planck length. 

Thus, this number is limited by < 2 L^/X- The interferometer arms of length L — — Ly measure 
the relative positions of bodies in the x — y-plane of the lab frame and the mean separation in each 
direction is denoted by Ax then the number of position eigenstates is 

leading to 

{Axr^f. (14) 

This result is important as by considering the displacement Ax one gets (by identifying X — Ip ) Ax ~ 
y/Llp . In effect, the square root amplifies the Planck-scale effect enormously compared with the naive 
estimate that positions can only be located up to a fundamental length-scale of the order of ^p. 

To sum up, in the 2-1-1 model the position information is encoded on the x-dimension in the light sheet 
frame in units of Planck-cells and the projection of this frame transverse to the direction of propagation 
generates the higher dimensional world. Furthermore, the main effect is that positions can be located on 
the light sheet frame with maximum precision of Planck-length whereas in the higher-dimensional world, 
due to the holographic principle, the location of positions is blurred. 

The main result is that this error in localization is given by Ax — yjLlp and can be interpreted as an 
indeterminacy of relative transverse positions. 

Therefore, Planck-scale precision cannot be achieved in the higher-dimensional world due to the holo- 
graphic indeterminacy and it leads to an amplification of the intrinsic measurement error denoted here as 
fluctuations in length measurements. 

It must be emphasized that in contrast to the aforementioned model of Ng holographic noise does 
not emerge here as perturbations of a metric. Nor is it devoted to any quantum gravity scenario or 
noncommutative geometry. Moreover, it is emphasized by Hogan that his approach respects Lorentz 
invariance and the weak equivalence principle on average. 



4 



3 GEO600 "mystery noise" and a possible explanation by holo- 
graphic noise 

3.1 GEO600 noise 

In the gravitational wave detector GEO600 an unexplained noise could not be identified while improving 
the sensitivity of this instrument. At present, the corresponding strain sensitivity is at the level of 10"^"'^ 
lying in the frequency range of 500 Hz to about 1 kHz. Although a lot of experimental efforts are carried 
out, this noise cannot be eliminated at the moment. This opens up interesting questions about its origin 
including the speculation that it could be due to holographic noise. 



3.2 A possible explanation by holographic noise 

Applying the model of Hogan, after a time series of position measurements (and setting X = Ip) one gets 
the power spectral density S ~ Ax'^L/c which leads to a flat spectrum 

S^^. (15, 



where this corresponds to a magnitude of the amplitude spectral density of about 10^^^/vHz. This is 
just one order of magnitude smaller than the mysterious GEO600 noise. 

Although this proposal is appealing there remain several issues open. Because there is no connection 
to metrical fluctuations one can ask why the notion "holographic noise" applies for both models [191 120] 
and [H] . Seen from a fundamental perspective, are both models describing the "same" holographic noise 
since they lead to different predictions ? Are there "different" kinds of holographic noise ? Furthermore 
it is claimed that there exists a derivation of this effect relying on a realization of M-theory as a matrix 
model [22] ■ Seen from a fundamental perspective this is highly debatable and needs more clariflcation. 
On the experimental side several assumptions are put forward (e.g. that the spot size of the lasers is 
minimized) which seems to be speculative and certainly needs more discussion. 

However, in the next sections we like to motivate a search for space-time fluctuations and especially 
holographic noise by means of matter-wave interferometers. This would supplement the measurements 
made at GEO600. In fact, if the "mystery noise" in GEO600 really has its origin in space-time fluctuations, 
then, owing to the universality of the coupling of geometry, this kind of noise should in principle show up 
in all physical phenomena and experimental devices. 



4 Modified quantum dynamics 

In the model [IS] space-time is regarded as a fluctuating entity which consists of a classical fixed back- 
ground on which Planck scale fluctuations are imposed ry^jy + Sg^j,,^. In the low-energy limit they appear as 
classical fluctuations of space-time and we model this as perturbations of the metric up to second order 

g^^{x,t) ^ 77^^ + /i^^(x, i), (16) 
5'"'(x,t) = ,7^''-/j'^-(x,t)+/i^''(x,t), (17) 

where jft-^^ 1^1, greek indices run from to 3 and latin indices from 1 to 3. The second order perturbations 
are given by h^'^ = rji^^h^'^h''^'^ where indices are raised and lowered with 77^;^ and jy'^". 

We consider a scalar field 4>{x) non-minimally coupled to gravity as given by the action 

S^IJ d'x^ (^g^'^d^cj^ixya^^ix) ~ + m^)) 0(^)*0(:^)) , (18) 

where g — — dety^i, is the determinant of the metric and x — (x, t). Here R{x) is the Ricci scalar and ^ a 
numerical factor. 

There are three values of ^ which are of particular interest [27j : (i) ^ = is the minimally coupled 
case, (ii) ^ = g is required by conformal coupling and can also be derived from the requirement that the 
equivalence principle is valid for the propagation of scalar waves in a curved spacetime [28 . (iii) = \ 
originates from the squaring the Dirac equation. 

Variation of the action with respect to ^(x) yields the Klein-Gordon equation non-minimally coupled 
to the gravitational field 

g^^D^d.4>(x) - ( + ei?(x) j m = 0, (19) 
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where is the covariant derivative based on the metric g^^- 

4.1 Non— relativistic limit 

Because of the fact that in atomic interferometers typical velocities are far below the speed of light c we 
only need the Schrodinger equation without relativistic corrections. For this, we have to calculate the 
non-relativistic approximation of the modified Klein-Gordon equation by expanding the wavefunction 
0(x, t) = e^S{yi,t)/h jj-^ powers of 

^(x, t) = 5*0 (x, t)c^ + 5i(x, t) + 52 (x, t)c-^ + . . . , (20) 

according to the scheme worked out by Kiefer and Singh [29^ . We give now a sketch of the calculations 
which were done in [18] . One performs a step-by-step calculation to orders and and inserts the 
expressions obtained for the functions Si into the equation of motion to order c", where non-hermitian 
terms appear in the Hamiltonian. In order to get rid of them one can choose a modified scalar product in 
curved space or alternatively keep the usual 'flat' euclidean scalar product and transform the operators 
and the wavefunction accordingly [33j . We proceed with the latter possibility and finally arrive at 

rHB,^ = _((3)g)i/4^A_(((3)^)-i/4^)_|!.^^(^)^+-^oo^ 

+ i{zfta„<?'°}V. (21) 

Here Acov represents the Laplace-Beltrami operator, {•, •} is the anticommutator, '^'^ is the determinant 
of the 3-metric gij and g*^" includes the Newtonian potential U (x) . The Hamiltonian is manifest hermitian 
with respect to the chosen 'flat' scalar product. 

4.2 The effective Schrodinger equation 

It is assumed that the particle described by the modified Schrodinger equation has its own finite spatial 
resolution scale. Consequently, only an averaged influence of space-time fluctuations can be detected. This 
is quantified by means of the spatial average {■ ■ •)v of the modified Hamiltonian leading to an effective 
Hamiltonian 

H = -^ {{5'' + o^^'it)) d^d, + C {R)y) ~ mU{^) . (22) 

where the tensorial function a*^ {t) consists of the spatial average of squares of the metrical fiuctuations. 

The tensorial function a*^ (t) and the Ricci scalar can be split into a positive definite time-average part 
and a fiuctuating part according to 

a'^ (t) = + {t) and {R)y{t) = f + r{t) (23) 

with 

{l'\t))T = and (r(i))j. = 0. (24) 
Finally, this leads to an effective Schrodinger equation 

ihdt^ijc,t) = {6'^ +a'') a,a,v(x,i) - ^m^,t) - mc/(x)V'(x, i) , (25) 

Zm Zm 

where the fiuctuating phase ^(t) + r{t) was absorbed into the wave function which is still denoted by the 
same symbol. 

We will show in the following that this Schrodinger equation leads to an apparent violation of the 
weak equivalence principle |il8j , to a modified dynamics of wavepackets (161 and to a decay of coherences 
in energy representation [35| . Since f is constant over the averaging scale it just represents a constant shift 
of energy what can be omitted. Therefore we will operate in the following with the effective Hamiltonian 

H = -—{5'^ +a'^)d^dj -mU{^). (26) 
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5 An apparent violation of WEP 



It will be shown now that the fluctuation tensor a*-' leads to a renormalized inertial mass implying 
an apparent breakdown of the Weak Equivalence Principle (WEP). We identify the mass term in the 
Hamiltonian (j26p as a renormalized tensorial inertial mass by virtue of 

{m'^)-^ = — (S'^ +a'^) , (27) 
m 

what can alternatively be written as 

m, = TO- (l + aj,)-\ (28) 

where 5*-' = diag [0^,0:^,0^] and = S''^ (j''iQ)) ■ "^^^ index p stands for "particle" characterized by 

1/3 . . ^ . . 

its spatial resolution scale Xp = Vp . This kind of anomalous inertial mass tensor was extensively studied 

by Haugan in connection with the principle of equivalence (EP) [30'. There, in contrast to the above 
result, this quantity is postulated in order to model violations of EP and appears in the energy function 
of a composite body subject to an external gravitational potential. 

All space-time dependent fluctuation properties of the inertial mass are now encoded in the quantities 
a* which are given by the averaged quadratic perturbations af^ . 

When we identify rhj = mi and m = as inertial and gravitational mass giving for the ratio of both 
masses 

' =! + «;, (29) 

p 

we can conclude that the metric fluctuations utilized in our model lead to an apparent violation of the 
weak equivalence principle. 

5.1 Holographic noise and other noise scenarios 

In analogy to the analysis of fluctuations as function of time carried through in [31] we can associate a 
spectral density 5(k) with the variance, 

i'^y' = ^f d^KS^iKW = ^ f d'xh^^{^,t), (30) 

J(l/Ap)3 Vp JVp 

which allows us - in principle - to calculate the metric fluctuation components a'^ . 

As a result we then obtain {a^Y^ « {Ipi / Xp)^ a^^ , where a*-' is a diagonal tensor of order 0(1). The 
special model [121120] which we discussed in section[5]can now be apphed. According to this, the outcome of 
any experiment measuring length intervals is influenced by spacetime fluctuations such that perturbations 
of this quantity scales like (Ipi/l)^ , where (3 > 0. As pointed out in [19] common values for (3 are 1,2/3, 1/2. 

We emphasize that by the inclusion of = 2/3 (corresponding to the fluctuations of the length 
SI w {Ipiy^^^ ) a holographic noise scenario is also included in our model of space-time fluctuations. 
As a consequence, the modified kinetic term of the averaged Hamilton operator reads 



g 




ffkin. - -— \S'' + [i^] . (31) 

This gives for our fluctuation scenario 

771 

1 + (lpi/Xp)Pa'^ 



In terms of the fluctuation scenario (|3ip the violation factor ap now yields 

^ (33, 

The modifled inertial mass rhi is now dependent on the fluctuation scenario /3 and on the type of particle 
via the characteristic resolution scale Ar,. 
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5.2 Experimental consequences 

In order to obtain some estimates, we set the resolution scale to the Compton length Apj = h/ {rrijc) being 
a characteristic property of every particle species. For Cesium this gives Acs ~ 10~^* m and for Hydrogen 
we get Ah ~ 10^^^ m. Assuming rotational invariance (a^ = ap) we get 

"cs«(^) =(10-y, «H«(^) =(10-Y. (34) 
For the calculation of the Eotvos factor we need the accelerations, namely 

acs = (l + ac«)5= (1 + (10-^Y)5, = {1 + an)g = {I + {lO-'y)g. (35) 
The Eotvos factor reads 

V = 2 |°^\°"| « |«cs - chI « (10-")''. (36) 
|acs + OH I 

In our model this yields 

77;9=i = 10-", 77,3=2/3 = 10-'', r?,3=i/2 = 10-^ (37) 

Regarding the precision of current atom interferometers [34j this would rule out the random-walk scenario 
(3 = 1/2, but one has to take into account that our scenario is quite optimistic, regarding the amplitude 
of fluctuations estimated by the spatial resolution scale Ap = Ac. 

However, it is worth to mention that the holographic noise scenario /3 = 2/3 may be tested by high- 
precision atomic interferometry in the near future as it seems not to be too far off from experimental 
possibilities. 



6 Spreading of wavepackets 

6.1 Approximation of the kinetic term 

In the preceding section we analyzed the modified kinetic term in (j22p and its implication on the weak 
equivalence principle. By using spatial averaging and a modified time evolution operator we showed 
that the effect of non-minimal coupling, given by the Ricci scalar, leads to a fluctuating phase of the 
wavefunction. However, now we will start again with the full Hamiltonian of (|2ip and analyze the impact 
of the modified kinetic term on wavepacket spreading by deriving a modified master equation [35 . 

All contributions of the kinetic part as well as those terms in the anticommutator of equation (j2ip 
which do not include derivatives can be summed up together with the Ricci scalar in a stochastic scalar 
interaction term V^(x, t) appearing in the Schrodinger equation 

ihdt^ = -—{g'^{K,t)d^dj+d^g'^dj)il; + ihg'°d^^j + V{x,t)il;, (38) 

where for simplicity we omitted the Newtonian potential 5°°. Our conclusions will not be affected by 
taking a Newtonian gravitational field in to account. 

Since we employ spacetimc fiuctuations acting on a spacetime scale being much smaller than typical 
length- and timescales on which the wavefunction '0(x, t) varies we approximate the Hamiltonian in such 
a way that terms containing first- and second derivatives of the fiuctuating quantities (/i*-' and the trace 
h) dominate in the Schrodinger equation (|38p allowing us to neglect the other contributions. 

In addition, we note that in the following derivation of the averaged master equation only second 
moments of V will appear, see Eq. (|43p . Therefore we can neglect second order terms already on the level 
of the Schrodinger equation leading to 

ihdtip = - — ATP + Vhc,tU, (39) 
2m 

where A is the Laplace operator in Cartesian coordinates and where the random scalar interaction V{x, t) 
to first order now reads 

Vi.,t) = -|^(ei?-iA/.), (40) 
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where h is the first-order spatial part of the trace tr(g^^). 

Compared to the second term in the fluctuating potential (j40p the non- minimal coupling term ^i? 
has the same structure and the same order of magnitude. Thus this contribution to the Schrodinger 
Hamiltonian and to the analysis of spacetime fluctuations cannot be neglected in the context of our model 
and must be taken into consideration in the following calculations. 

6.2 Stochastic properties 

We have to specify the statistical properties of the fluctuating potential F(x, t) in order to derive an 
effective master equation. Owing to the fluctuating metric this term will be interpreted as a Gaussian 
random function. We will now perform the calculations for one dimension as the effective master equation 
will be derived for this speciflc case and from now on the spatial coordinate is denoted by x. This yields 
for the fluctuating potential 

Vix,t) = ^dlh,^{x,t). (41) 
8m 

As the quantities of interest are the metric perturbation terms, we choose the following statistical condi- 
tions 

{V{x,t)) - (42) 
{V{x,t)V{x' ,t')) = V^6{t~t')g{x~ x'). (43) 

We introduced g{x — x') — dldl,C{x — x'), where C{x — x') is a spatial correlation function and defined 
Vb = -^ho, while /iq is the strength of the fluctuations. It has been shown by Heinrichs j3Sl[37] that the 
dynamics of wavepackets are unaffected by temporal correlations of the random function h(x, t) if they 
are sufficiently small. As we are concerning Planck-scale effects (Planck time Tp and Planck length ^j,) we 
can adopt these arguments. Therefore we have chosen a (^-correlation with respect to time. However, at 
the moment the spatial correlation function C{x — x') will be left unspecified. 

As this is a model for spacetime fluctuations and because of the lack of a complete understanding of 
the microscopic structure of spacetime one has the freedom to characterize the statistical properties of the 
terms h with a variety of stochastic models given here by the correlator C{x — x'). 

6.3 Effective master equation 

Most physical quantities of interest - in our case the mean square displacement - can be conveniently 
calculated in terms of the reduced density matrix {p{x',x,t)) and its evolution equation. For the sake of 
simplicity we restrict all the calculations to the one-dimensional case. We adopt the calculation techniques 
of |38ll39j which are used in conjunction with quantum diffusion of particles in dynamical disordered media. 
We define the density operator 

p{x',x,t) =^*{x',t)i;{x,t) (44) 
and set up the master equation according to 

dtpix',x,t) = ^(^A__l_'^p(^:j;'^:j;^t) + ^{Vix',t)-Vix,t))p{x',x,t). (45) 

The effective equation of motion can now be derived by applying the average over the fluctuations. 
Terms like {V{x, t)p{x' , x, t)) do not factorize in general as the density operator p{x' , x, t) is a functional of 
the fluctuation potential, hence p[V]. Because we have Gaussian fluctuations, we can apply the Novikov 
theorem [40], which leads in our case to 

{V{x,t)p{x',x,t)) = Jdt" ldx"5{t-ng{x^x")(^^^^y (46) 

The functional derivatives are calculated using the formal solution of the master equation. Inserting 
this into the averaged Equation (|45p we obtain the effective master equation for the reduced density matrix 
{p{x',x,t)) 

g-^{p{x,x,t)) = ™_(^_-_j(p(.,:.,t)) 

-^{g{0)-9{x-x')){pix\x,t)). (47) 
This is the modified effective master equation subject to the following discussions. 
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6.4 Modified wavepacket spreading 



It is convenient to calculate the solution by means of Laplace- and Fouriertransforms. Hence, we convert 
the partial differential equation (j47p to an ordinary, inhomogeneous first-order differential equation. For 
practical reasons we introduce new coordinates according to X — x + x' and Y — x — x' and after having 
applied both transformations we get 



dyRiK, Y,s)-^(^s+^ (g(0) - giY))^ R{K, F, .) = ~^R{K, Y,t^O), 



(48) 



where is the s is the Laplace- variable, while R{K, Y,t — 0) is the Fourier transform of {p{X, Y.t — 0)) and 
represents now the inhomogeneous part of the ordinary differential equation. 
This equation can easily be integrated and yields 



R{K,Y,s) 



exp 



/ msY 
\2nK 

Y 



G{Y) ]R{K,Yo,s)-cxp 
msY' 



msY 
2hK 



+ G{Y) X 



(49) 



where the term R{K, Yo,s) = R{K, Y = 0,s) represents the initial value of the solution R{K, Y, s) and we 
defined G{Y) = % dY' (g(0) - g{Y')). 

The mean squared displacement of the particle can be expressed in Fourier space as 



1 



R{K,Yo,t) 



K=0 



(50) 



Therefore the quantity of interest which has to be calculated is the initial value of i? at F = 0, corre- 
sponding to the diagonal element of the density matrix p{x',x,t). 

The solution R{K, Y, s) is a quadratically integrable function and must vanish for Y — > oo. Therefore 
the r.h.s. of equation (|49| must be zero in this limit leading to the Laplace-transformed quantity 



/"OO 

R{K,Yq,s) = 2 dTexp{-sT)R{K, 
Jq 



2hK 



r,i = 0)exp(-G(r)), 



(51) 



where we applied the substitution t = nfF^- Inverting this equation gives 



R{K, Yo, t) = 2 R{K, ^fflr, t = 0) exp f--^ 



dr' 



5(0) -5 



2h\K\ , 

T 



(52) 



and the mean squared displacement ([50)1 reads 

'^lit) = Je-«(^)i?o(>^) {dlG{Y) - {dkG{Y)f + 2dkG{Y)dk\nRo{Y) - dllnRo{Y) - {dk\n Ro{Y))'' 



where Y = 2^t and Rq{Y) = R{K, ^^T,t ^ 0). 



K=0 

(53) 



Note that the unperturbed solution is given by the last two logarithmic terms, where for K = wc get 
exp {—G{Y))Ro{Y) = 1, if the initial state i?o is given by a Gaussian wavepacket. The information about 
the fluctuation scenario is given by the correlation function appearing in G{Y). In our case we regard 
even correlation functions G{Y) — G(— F) excluding a preferred direction in space. 

We can now calculate the mean squared displacement of a wavepacket and choose a Gaussian correlator 

C(r) = -^expf-^), (54) 

where a represents a finite correlation length and we choose for the initial conditions R{K^ Y. t ^ Q) a 
Gaussian wavepacket. Consequently, the mean squared displacement reads 

alit) ^ alio) + ^ f^ t' + ^\ t\ (55) 
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We note that the first two terms correspond to the free unperturbed evolution whereas the last term 
accounts for superdiffusive behavior. 0. Asymptotically, the wavepacket dynamic is dominated by the 
cubic term, namely 

<7Ut)=al{0)+ ^\ t\ for ex.. (56) 



We infer from this fact that space-time fluctuations lead to superdiffusive behavior of wavepackets and 
resembles wavepacket spreading in dynamically disordered media |39j . However, it must be emphasized 
that the magnitude of this effect in our model is small since the amplitude Vq exhibits Planck-scale 
contributions 



6.5 Connection to holographic noise 

In the holographic scenario of IQJIin] the fluctuations of the metric 5g^i, > {lp/l)'^^'^a^i, can be translated 
to a power spectral density (PSD) according to 

S{f) = r''''{cllf'\ (57) 

where / is the frequency and c is the speed of light. In terms of a PSD in momentum space this yields 

S{k) = k-^'%'\ (58) 

where k is the wavenumber. It can be readily checked that this expression leads to 51 = {ll'^Y^'^ by 
calculating the variance {5lY = Siji"'" dk (5(fc))^, where kmax. is subject to a cut-off given by the Planck 
length Ip and the length I is given by the experiment. This shows that - by means of a correlation function 

2/3 

- a finite, nonvanishing correlation length is involved where the correlator scales with Ip modifying 

2/3 

the wavepacket evolution accordingly. Therefore the Ip' -dependence could be utilized to distinguish the 
holographic noise scenario for wavepacket spreading from other fluctuations scenarios. 

However, in order to test these scenarios with high precision we suggest to use cold atoms and long 
time of flights. In this context it is feasible that test should be carried out in microgravity environments to 
facilitate the free evolution of wavepackets. This is realized for example by the Bose-Einstein-Condensate 
of the QUANTUS project [H] where free evolution times up to one second are reached. Furthermore the 
upcoming PRIMUS project will provide a matter-wave interferometer in free fall which also could be used 
to perform high-precision measurements of wavepacket spreading. 



7 Decoherence due to space— time fluctuations 

7.1 Effective master equation 

Having redefined the inertial mass of the particle as described in the preceding section [3] we are left with 
an effective Schrodinger equation of the form 

dt\m)=-^{Ho + Hp{t))\m), (59) 
where, however, only the fluctuating part 7*-'(t) enters the Hamiltonian Hp{t) and we write 

where pi =^ —ihdi and Hq is defined with an appropriately renormalized inertial mass in the kinetic term. 
We start by transforming to the interaction picture and obtain the Schrodinger equation 

li,{t) = -^Hp{tmt)), (61) 

where the tilde labels quantities in the interaction picture. Equation (|6ip represents a stochastic 
Schrodinger equation (SSE) involving a random Hamiltonian Hp(t) with zero average, {Hpit)) = 0. For 

^The nomenclature is at follows: For the mean-squared displacement (x^) tx the exponent v = 1 renders diffusive 
motion, = 2 is a ballistic motion and v = Z denotes superdiffusion. 
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a given realization of the random process 7'-' (i) the corresponding solution of the SSE represents a pure 
state with the density matrix R(t) satisfying the von Neumann equation 



Hpit),Rit) =C{t)R{t), 



(62) 



where C{t) denotes the Liouville superoperator. However, if we consider the average over the fluctuations 
of the 7*-' (t) the resulting density matrix of the Schrodinger particle, 



p{t) = (7?(0) 



(63) 



generally represents a mixed quantum state. Thus, when considering averages, the dynamics given by 
the SSE transforms pure states into mixtures and leads to dissipation and decoherence processes. Conse- 
quently, the time-evolution of p{t) must be described through a dissipative quantum dynamical map that 
preserves the Hermiticity, the trace and the positivity of the density matrix [151 . 

We derive from the linear stochastic differential equation (|62p an equation of motion for the average 
by the cumulant expansion method 43J . To second order in the strength of the fluctuations it yields 
the equation of motion 



(64) 



This is the desired quantum master equation for the density matrix of the Schrodinger particle, representing 
a local first-order differential equation with time-dependent coefficients. 



7.2 Markovian master equation 

To proceed further we have to specify the stochastic properties of the random quantities Y^{t). We 
consider a white noise scenario assuming that the fluctuations are isotropic, 

^■^^{t)=aS,,m- (65) 

This assumption already singles out a certain reference frame, which can be identified with the frame in 
which the space averaging has been carried out [18]. In ((65)) the function £^{t) is taken to be a Gaussian 
white noise process with zero mean and a (5-shaped auto-correlation function, 

m) = o, mm)^5{t-t'). (66) 

Therefore, the quantity cr^ has the dimension of time and we set = Tc- Within the white noise limit the 
fluctuations thus appear as un-correlated on the time scale of the particle motion and the contributions 
from the higher-order cumulants vanish. Then the second-order master equation becomes an exact 
equation flSl. Using (j65p we find 

Hpit) = hVimt), (67) 

where 

V{t) = e'H,t/ny^~rH,t/n^ y ^ P^^ (gg) 

h 2m 

Substitution into the master equation (|64p . employing (|66p and transforming back to the Schrodinger 
picture we finally arrive at the master equation 

|p(t) = -l[i/o,p(t)]+W)), (69) 

where 

Equation (|69p represents a Markovian quantum master equation for the Schrodinger particle. The commu- 
tator term involving the free Hamiltonian Hq describes the contribution from the coherent motion, while 
the superoperator T^ip), known as dissipator, models all dissipative effects. We observe that the master 
equation is in Lindblad form and, thus, generates a completely positive quantum dynamical semigroup 

MM- 
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7.3 Estimation of decoherence times 

The quantum master equation (|69p can easily be solved in the momentum representation. To this end, we 
define the density matrix in the momentum representation |p) and with the help of the master equation 
we then find 

^p(p,p',t) = -^[E{p)-E{p')]p{p,p\t) 

-^[Eip)-Eip')fp{p,p\t), (71) 

where E{p) ~ p^/2m. This equation is immediately solved to yield 

(Ai?)V< 



p{p,p\t) ^ exp 



p(p,p',0), (72) 



where AE = E{p) — E{p'). We see that the diagonals of the density matrix in the momentum represen- 
tation are constant in time. On the other hand, the coherences corresponding to different energies decay 
exponentially with the rate {AE)'^Tc/2h'^. Therefore an associated decoherence time td is given by 



We see that the dissipator ^{p) of the master equation leads to a decay of the coherences of superpositions 
of energy eigenstates with different energies, resulting in an effective dynamical localization in energy space. 
This feature of the master equation is due to the fact that the fluctuating quantities 7*-' (t) couple to the 
components of the momentum operator. 

In our model the different possible realizations of the wavefunction due to the stochastic fluctuations 
of spacetime are accounted for by the ensemble average introduced in equation (|63p . In a matter wave 
experiment this leads to a reduced contrast of the interference fringes when both atom beams are recom- 
bined. When the travelling time of both beams is of the order of the decoherence time td the interference 
fringes get smeared out significantly indicating the partial destruction of quantum coherence. 

Let us identify the time scale Tc that characterizes the strength of the fluctuations with the Planck 
time tp and we set Tc = tp = Ip/c with the Planck length Ip. The expression (|73p then yields the estimate 

"^"(Ai?/eV)2- 

We observe that due to the quadratic behavior the decoherence time depends strongly on the scale of the 
energy difference AE. For example, AE — leV leads to a decoherence time of the order of 300,000 years 
(IQ-'^^ seconds), while AE — IMeV leads to a decoherence time of the order of 10 seconds. Therefore for 
typical matter-wave experiments the detection of decoherence effects seems not to be feasible and is far 
beyond any experimental relevance. 

However, this result does not rule out in general the experimental decoherence caused by metric 
fluctuations if one considers, for example, composite quantum objects whose states can be extremely 
sensitive to environmental noise. 

In principle the white-noise scenario (j66p could be generalized to colored noise including holographic 
noise. This would lead to additional non-Markovian terms in the master equation (|69p and we expect, 
however, that such terms would manifest only as small corrections to the equation for the decoherence 
time Tjj. 



8 Concluding remarks 

We have shown that metric fluctuations affect quantum dynamics where we have left open which noise 
scenario is realized due to the lack of a flnal theory of quantum gravity. One candidate is the holographic 
noise scenario and we have shown that this leads to speciflc signatures in the quantities of interest, which 
could be detected by experiments. These are the Eotvos factor, the mean-squared displacement of wave- 
packets and, when considering non-Markovian dynamics, the decoherence time of quantum systems. Since 
the topic of this workshop was to investigate the possibility of the detection of gravitational waves by means 
of atom interferometers we like to add some remarks about how our work is related to this. The detection 
of gravitational waves needs exceptional sensitivity and since space-time fluctuations manifest as tiny 
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effects these improved devices would be feasible to detect metric fluctuations or to rule out our scenario. 
Furthermore, the possibility that GEO600 may have detected holographic noise should give motivation to 
check this with an independent method. Since gravity couples to all physical systems this effect may show 
up in high-precision atom interferometers which are dedicated to the detection of gravitational waves. 
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